Let us consider the prime factorization of n > 1, that is n = p a 1
Introduction and Notation
A natural number of the form m n where m is a positive integer and n ≥ 2 is called a perfect power.
In this article (as usual) . denotes the floor function. Besides, P denotes a perfect power.
A quadratfrei number is a number without square factors, a product of different primes. On the other hand, the Möbius function µ(n) is defined as follows: µ(1) = 1, if n is the product of r different primes, then µ(n) = (−1) r , if the square of a prime divides n, then µ(n) = 0.
Let N (x) be the number of perfect powers not exceeding x. R. Jakimczuk [1] proved the following theorem. Theorem 1.1 Let p n be the n-th prime number with n ≥ 2, where n is an arbitrary but fixed positive integer. The following asymptotic formula holds
where q denotes a quadratfrei number.
If n = 2 then formula (1) becomes,
If n = 3 then formula (1) becomes,
Let A(x) be the number of not perfect powers not exceeding x. We have the following Corollary. Corollary 1.2 Let p n be the n-th prime number with n ≥ 2, where n is an arbitrary but fixed positive integer. The following asymptotic formula holds
Proof. It is an immediate consequence of formula (1) and the following trivial formula A(x) = x − N (x). The corollary is proved.
In this article A denotes a not perfect power.
Let us consider the prime factorization of n > 1, that is n = p
We denote gcd(a 1 , a 2 , . . . , a k ), where (as usual) gcd denotes the greatest common divisor, in the form e(n). Then n is a perfect power if and only if e(n) > 1 and n is not a perfect power if and only if e(n) = 1.
In this article we obtain asymptotic formulae for the sum P ≤x (e(P )) k .
Main Result
Theorem 2.1 Let k be a fixed positive integer. Let p n be the n-th prime number with n ≥ 2, where n is an arbitrary but fixed positive integer. The following asymptotic formula holds
where a 2,k = 2 k and the a m,k (m = 3, . . . , 2p n ) are integers.
Proof. Let us consider the perfect powers of the form P = A s , where s ≥ 2 is fixed. We have e(P ) = s. Besides, from the equation A s ≤ x, that is, A ≤ x 1/s , we obtain that the number of perfect powers of the form P = A s not exceeding x is A(x 1/s ). Consequently the contribution of these perfect powers to the sum P ≤x (e(P )) k is s k A(x 1/s ). We have 2 log x log 2 = x, therefore the greatest exponent s is log x log 2
. Hence we obtain the following formula
Let p n be the n-th prime number with n ≥ 2, where n is an arbitrary but fixed positive integer. Equation (6) can be written in the form
where
That is
Now, we have (see (4))
In particular
Substituting (8), (9) and (10) into (7) we obtain equation (5). The theorem is proved.
Corollary 2.2 We have the following asymptotic formula
Proof. It is an immediate consequence of equation (5). The corollary is proved. Now, we give an example of equation (5) with k = 1.
Example 2.3 If n = 2 (that is, p n = 3) then we have (see (2) and (4)) Consequently P ≤x e(P ) = 2 √ x + 3
